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A ∈ Ã» 2(R) tdŁ t = (t1, t2)t ∈ R2.
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√
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=
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=
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∆y(w) = −1 ¤
¹Á­d "6©k¤ §!$Hﬂ|°#®Ät
a¯ · w =
{
a+ ]x(w) + ∆y(w) ,

a¯
V0T¬
a+ ]x(w)−∆y(w) ,  a¯ °1ŁdŁ .
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Àkd
Uk = {w ∈ F2| 0¯ · w = 0¯} ¼<§k¤ m°t°ﬃﬂÁ¿m­°T "6©k¤{£ $º¤
6#	
 |ºm°Ty!­Ág®Äy¬®yd®Ä°
Γ(2)
ﬂ !Á­®Äﬃ! J®Äd!td¬ÄtﬂÁy¬®­®ÄdMtdŁ °dÁy¬c0T\®y3:® ®RÁ
Áy \K<¬¬®<®Ä°J°TÁyŁ®Ädi®mﬂ|° TÄc®Ä°T­Á
xy
:dŁ
y2
¤ 
°ty."dy¬Á­!+¡
´3°T
γ ∈

 k® +(F2)
γ ∈ À1® (Uk) ⇔ γ ∈ À® (U1) tŁ γ(y2), γ(xy) ∈ Uk "&©1¤  $
⇒ m°T°lﬂÁ@!M¢t¤¯tdŁi®ÄdVŁdV3d®y°T\°:À1®Ä (Uk) ¤
⇐ Á³®yy dÁ­d¬ Uk Á"®ÄdÁ­ (dT­°T ("J°t U1 ¬°TdÁyÁ­®yd\°t¯®yd°TÁyﬂ °TyŁÁ ®Äd®ydy¬
T¬dy:®Ä°T­Á
w1 := x
2 ¼ w2 := xy
tdŁ
w3 := y
2 °: U1
m°TbﬂG®yd d1s<°t
°1 yy¬d¬Á¹°:
w1
Á Łd01ÁyPd=@!
k
"
w−11
°T ®yŁ
dªc®ÄP0t $ ¼d&¤ t¤
Uk = {w = w(w1, w2, w3) ∈ U1| ]w1(w)
Á ŁdP01Á­ﬁd-!
k}.
Uk
ÁﬂTÄc®ÄŁi:Á¿d°T­ tsÁy 'dTy°t ("\°t
U1
@!
wk1
¼
w2
tŁ
w3
¤  dÁ ®|Á|Á­ 'K ª®
®Ä°d¬µ
x2k
¼
xy
:dŁ
y2
<°T­Łd¯®Ä°R3dŁ<°T ®¼1 VTP0t
γ ∈ À1®Ä (U1) 'NkÁ Uk ¤  | k®
γ(x2k) = γ(w1)
k tdŁ®Äd d1s°t+°1 yy¬d¬Áﬂ°:ut<td¬Ä:®y°T® ÁŁd0kÁyPd
!
k
¤¦¶·d¬  ®¿m°T°ﬃﬂÁ#"&©k¤  $º¤

ÁdVN1® Ág®Ä*"°#dÁy¬c0t¿®Ä3:® °TyŁd¬*®y°"dµ
ﬂd¬®yd
A
Á*
Γ(Ok)
®*Á,Áy 'K ¬ª® ®y°
°tdÁyŁd¯°Tdn"d­<tT|°t
A
 ddŁ
βˆ
¡»¬®
A
+·<À»
2(Z)
tŁ
γ0 ∈   ® +(F2) Á­ d
®Äd:®
βˆ(γ0) = A
¤RÀ1d¬
βˆ
Á³®ÄdI$1 °t®Äª®U<"

 ® +(F2) → G" ® +(F2) ∼= À» 2(Z) ¼
t<t ®y°T<°t%"ddÁy
γ
Á<"("sŁ®Ä°
A
!
βˆ
L\®¯Á¦¬°T?­ dT:®Ä¬Ł ®y°
γ0
¤   dÁMﬂ|¹3J0T:¡
A ∈ Γ(Ok)
 
1⇔ ∃γ ∈ À1®Ä (Uk) : βˆ(γ) = A⇔ ∃w ∈ F2 : wγ0w−1 ∈ À1®Ä (Uk)
(5.1)⇔ ∃b¯ ∈ Z/(2kZ) : b¯ · γ0(u) = b¯ m°tt u ∈ Uk. "&©1¤ © $
G-dÁy¬c0tR®Ä3c®"¾·°Ty
(Uk) = U1
"v!
µd!®y3:®¹®·°t®ÄtÁ¹®Ä®ydy¬TÄc®Ä°T­Á
°t
U1
$º¤   dÁ¦¾·°Ty
(Uk)
3tÁŁdVN
2

F2
tdŁ
1, x
:y °tÁy¬®¦­ "d­Áy¬ª®:®yP0T¬Á¤  dÁ
 "6©k¤ ©!$|® Á Áy 'K ª®·®Ä°°TÁyŁ
b¯ ∈ {0¯, 1¯} ¤¯,°TT¬®ydﬂ ®Ä "&©k¤  $| ®¿m°T°ﬃﬂÁ|®Ä3c®
A ∈ Γ(Ok) ⇔ (0¯ · γ0(y2) = 0¯ tdŁ 0¯ · γ0(xy) = 0¯ ) °t
(1¯ · γ0(y2) = 1¯ tdŁ 1¯ · γ0(xy) = 1¯ ). "6©k¤ B $
¾¹°ﬃﬂV¼3Á­ ("("s°TÁyV®Ä3c®
A =
(
a b
c d
)
Á 
Γ(2)
¤
G"dV3tÁ¬¡
Γ(2) =< A1 :=
(
1 2
0 1
)
, A2 :=
(
1 0
2 1
)
, A3 :=
(−1 0
0 −1
)
> .
"6©k¤ !$
p Ł*3dV®ÄV®ydy¬t ®Ä°t<°Tc"ddÁy Á
γ1 : x 7→ x, y 7→ x2y γ2 : x 7→ xy2, y 7→ y γ−I : x 7→ x−1, y 7→ y−1
 
ﬀ	  ﬂ          
ﬀ	 © 
tdŁÁyº®
G(2) :=< γ1, γ2, γ−I > .
  dÁ
βˆ(G(2)) = Γ(2)
¤¯»º®
γ0
sU
G(2)
ﬂ ®Ä
βˆ(γ0) = A
¤
p 4ﬂ: dÁy¯U®ydm°T°lﬂdﬂ®yd=t¬® "y°ﬃ0T¬Is°ﬃﬂ »  ©1¤ B¿®Äd:®
G(2)
­Ác"+¬¬®ÄÁ
∆y
¼&¤ t¤ ¡
∀γ ∈ G(2), w ∈ F2 : ∆y(γ(w)) = ∆y(w).
 d¬ ﬂ dﬃ0tt¡
0¯ · γ(xy) (5.3)= 0 + ]x(γ(xy)) + ∆y(γ(xy))
  
5.6
= ]x(γ(x)) + ]x(γ(y)) + ∆y(xy)
= a+ b− 1.
Àk< t­P!°T°®tdÁ
1¯ · γ(xy) = 1¯ + a+ b + 1
0¯ · γ(y2) = 2b :dŁ 1¯ · γ(y2) = 1¯ + 2b
  dÁn@! "6©k¤ B $
A ∈ Γ(Ok) PL 2b ≡ 0 tdŁ a + b ≡ ±1 <°1Łd d° 2k ¤¯ dÁ"dy°ﬃ0tÁ"£k¤
C 	
«$:"®Äd:® !¢t¤ ®yd Q¯ITy°T '"
Γ(Ok)
Á Áy (Ty°T '"I°t
Γ(O1)
¤ Àk ("'"+°TÁ­
®Äd:®
A =
(
a b
c d
)
Á!
Γ(O1)\Γ(2) ¤ dMdŁVNP°t Γ(2)  Γ(O1) Á 2 ¼³Á­d¬
!O¢T¤ :@! ¬<¬ª®°t
Γ(O1)
<"dÁ®Ä°M¬®Ä
I¯ =
(
1 0
0 1
)
°T
S¯ =
(
0 −1
1 0
)

À»
2(Z)/Γ(2) =
À»
2(Z/2Z)
¤ d­¬m°T­
A
3tÁ| Łd¬°Tb"+°tÁy®y°T
A = B ·S m°tﬂÁ­°T<
<:®Ä­N
B

Γ(2)
¤ p VŁdV3dV®Ädt k®Ä°T °T%"dÁ­
γs : x 7→ y, y 7→ x−1,
®Ä
γs
Á¿I"d­ tt³°t
S
 ddŁd¬
βˆ
¤¯´3 d­®yd­<°T­t¼@ﬂ|"®ÄtµtV)"dy¬<tT
γB
°t
B

G(2)
¼®yd
γA := γB ◦ γS Á·h"y :T"°t A ¤HG"dV°#®ÄtdÁ¬¡
0¯ · γA(xy) (5.3)= 0 + ]x(γA(xy)) + ∆y(γB(yx−1)) Lem5.6= a+ b + 1
Àk< t­P!T¼8°td¿$:  :®yÁ
0¯·γA(y2) ¼ 1¯ ·γA(xy) tŁ 1¯·γA(y2) tdŁ°#®ÄtÁ t ®Ä°TTº®Äd¬¡
0¯ · γA(xy) = a+ b + 1 0¯ · γA(y2) = 2b
1¯ · γA(xy) = 1¯ + a+ b− 1 1¯ · γA(y2) = 1¯ + 2b
  dÁ ®m°T°ﬃﬂÁ®Ä3c®
A ∈ Γ(Ok) L 2b ≡ 0  °kŁ 2k :dŁ a + b ≡ ∓1  °kŁ 2k ¤
,°TT¬®ydﬂ ®ÄM¢T¤¯tdŁ
£¤ ®ydÁ 3ÁyÁ®ÄdR"d­°k°t,°t d¤
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,M°TyŁ"®Ä°i°#k®t ®Ä3:®
Γ(Ok)
tŁ ±Γ1(2k) 3J0t®ydÁÄt ŁdVN JÀ» 2(Z) ¼ ﬂ 
 dÁ­"®Äd"=tº®¿®Äd:®
Γ(2k)
Á¿°Tª®Ätd¬Łi
Γ(Ok)
tÁﬂ tÁ¿ ±Γ1(2k) ¤ yºm°TyU ®
Á³Áy 'K ª®U®Ä° Áyd°ﬃﬂ®y3:®¹®Äd¬" ttÁ³MÀ»
2(Z/2kZ) ∼= À» 2(Z)/Γ(2k) dﬃ0t®Äd
ÁÄ:<U d1s°t* ª®ÄÁ¬¤
¹Á­d d¤ ﬂ °#®:!®Äd:®®ÄdV<tT¹°t
Γ(Ok)
Àk»
2(Z)
Á¬¡
{
(±1 0
e ±1
)
,
(±1 + k k
o ±1 + k
)
|e, o ∈ Z/2kZ, e *0t , o °1ŁdŁ },   k °1ŁdŁ"&©1¤ - $
{
(±1 0
e ±1
)
,
(±1 + k k
e′ ±1 + k
)
|e, e′ ∈ Z/2kZ, e, e′ V0T¬ },   k V0T "6©k¤ . $
  dÁ¿®Ä³<tT·3tÁﬂ s°t®y $:ÁyÁ
4k
 ª®ÄÁ¬¤ d" tt·°: ±Γ1(2k) ¬°TdÁ­Á­®yÁ|°t
4k
¬ ª®yÁ¹:Á ﬂ &¤
G-dÁy¬c0t@! "&©1¤ . $®Ä3c®
Γ(Ok)
Á°t®ÄtŁ ±Γ(2)  k Á*V0T¬¤  | ® Γ(2) Á°Ty<t
tdŁŁd°1Á·d°t®·°t®Ät ±Γ1(2k) ¤¦ d­¬m°T­ Γ(O2) Á °t®·°T?­ ª:®Ä¬Ł
®y° ±Γ1(2k) 
k
Á V0Tu¤
´3°T
k
°1ŁdŁ¼3°TdVtidµ !$t d:®Ä°T!
À»
2(Z/2kZ)
®y3:®(
1 k
0 1
)
Γ1(2k)
(
1 −k
0 1
)
= Γ(Ok).
"&©k¤ ¢8¨ $
 
ﬀ  F# 5#
W Dw7 <w5\V7V
∆y(w) = ]|y|(w|  ^^ )−]|y|(w| 7Vg7V< ) ﬁ_ ]<wg <wq 5\<B^67V
G(2) =< γ1, γ2, γ−I > "
  7 U u
γ
ﬁ_R]<
G(2) "
qvDw7V<
∀w ∈ F2 : ∆y(γ(w)) = ∆y(w).
HEﬃkun, ®·Á Á­ 'K ¬ª®¹®y° µ\®ÄdV¬ t m°T¿®ydVTÄc®Ä°T­Á·°:
G(2)
¡
γ1 : x 7→ x, y 7→ x2y, γ2 : x 7→ xy2, y 7→ y tdŁ γ−I : x 7→ x−1, y 7→ y−1
½|°TdÁ­Łd¬
γ := γ1
¡»º®
w
s"ti:%d ®ÄÄ:c! ª®¿
F2
¼k®Ä dÁ
w
Á|y¬Łd d¬Ł ﬂ|°tyŁ
\®ydUm°T d º®y®yyÁ
x
¼
y
¼
x−1
¼
y−1
¡
w = w(x, y, x−1, y−1)
tdŁ
γ(w) = w(x, x2y, x−1, y−1x−2).
G-dÁy¬c0t"®Ä3:®|m°Tﬂ®yd=ﬂ °TyŁdÁ °:y " t¬ ª®
x
¼
x2y
¼
x−1
¼
y−1x−2
®ÄdU0t: d¹°t
∆y
Á
®Ä³ÁÄ:<¹tÁ¯m°T¦®yd³°tyt3t\ﬂ|°T­ŁdÁ
x
¼
y
¼
x−1
:dŁ
y−1
¼®Äd¬¦¬dt®Ä<Á¦°kŁŁ!tdŁ ®Ä3c®
y¬Łd dº®Ä°t
:Áy°Łd°1Ád°:®3tdTV®ÄR0:t dU°t
∆y
¤¦¶·d¬
∆y(γ1(w)) = ∆y(w)
¤
pP®y\®ÄdVÁÄ:<Vt­T d ª®ÄÁ ®ydÁ Á¿®Äy Vm°t
γ2
tdŁ
γ−I
¤  dÁ®ÄdVt d°TŁdÁ¤
¹Á­d<®ÄdÁ"Áy*$1 d¬ °:ﬂ°tyTt<Á°Tdt°TÁ­®Ä­ d¬®"°Tyªt Á3J01d Q¯¬MTy°t ("
±Γ1(2k) "mm°t k °1ŁdŁ$º¤a, ®Äd m°t°ﬃﬂd
¬°Ty°t :c!T¼oﬂ|  dÁy!®yd\t ®y°T °T%"dÁy γ :
x 7→ x, y 7→ x−ky ¤
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VW?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#> F# , 
o7Vq
k
V7& ^^  17 4< 7
Vk := γ(Uk)
ﬁ ]q]D q]Dw7)E5ﬃF
Uk
^67 4< 7%^S]<
HE8Fwﬃ_V]qsY<

   

[][
Pk
q]Dw7+ q]D'qﬁ_1^67 4< 7%^
&qvDw74<w]qk7)]<B^67('&_V5 m85ﬃF
Vk
ku
F2
bW Dw7V<
Γ(Pk) = ±Γ1(2k) 
HEﬃku, H!«<tyµ\©k¤¢Rﬂ  3J0tÀ1®Ä
(Vk) = γ ◦ À1® (Uk) ◦ γ−1 ¤# H!i d°ty ¢®
m°T°ﬃﬂÁ|®Äd:®
Γ(Pk) = βˆ(γ)Γ(Ok)βˆ(γ
−1) =
(
1 −k
0 1
)
Γ(Ok)
(
1 k
0 1
)
(5.10)
= ±Γ1(2k)
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Gk
tŁ
Stk
°t+°Tyªt Á*°tT¬ dÁ
k
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1
· · ·
2k−1
• •
• •
• •
• •
•
• •
• •
•
• •
345\E7V¢


Tt°#"("s°TÁy ®Ä¯ŁTÁty¦Łd¬ª®ÄPdŁ¤G"dﬂ°®tdÁ,¹¬°TÁ­ŁRÁ­ d­=:4ﬂ®Ä °Td¦ :yµt¬Ł
"s°Tª®$¡ • ¤ , ®ÄÁT dÁ·Á k ¤ dm dŁ3t ª®:Ty°t ("iÁ
Uk =< y, (xy)
k−1x(xy)−(k−1), (xy)jx2(xy)−j,
(xy)jxy2x−1(xy)−j| j ∈ {0, . . . , k − 2} >
 
?2 ?@ 
 ;:
E?+ F#
W Dw7hAB7878C8D-E5ﬃF
Γ(Stk)
ﬁ_ uJ [][
k ∈ N qvDw7nC8<65 7V< C87 E5lF
Γ :=
{(a b
c d
)
∈ À» 2(Z)|a+ c tdŁ b + d °kŁŁ
}
.
HEﬃku p dﬃ0t
A ∈ Γ ⇔ A Á Áy¬ª®¹®y°®ydV<tT¹°t I =
(
1 0
0 1
)
°T
B2 =
(
0 −1
1 0
)
À»
2(Z)/Γ(2) =
À»
2(Z/2Z)
 dŁd®Ä 3c®Ä dyt "dy°l?­¬®y°Tu¤|  dÁ
Γ
ÁTÄc®ÄŁ
tÁd°T­ :uÁy 'dTy°t ("
°:À»
2(Z)
!
Γ(2)
tdŁi®Ä<:®yyN
B2
¤
*tµtU®Ä : ®Ä°T °Tc"ddÁ­<Á
γ1
¼
γ2
:dŁ
γ3
ŁdV3dŁ
tÁ!®ydR"dy°1°t,°ty°#"s°TÁy ®Ä°Ti©k¤ .
Bª§  ﬀ
	  ﬁ           
	
tdŁi®:µtU®Ädt k®Ä°T °T%"dÁ­
γ4 : x 7→ y, y 7→ x−1 tÁ "d­<tT³°t B2  dŁd βˆ ¤
G-dÁy¬c0t ®Äd:®
Uk
tTt\¬°Tª®tdÁ
N =<< x2, y2 >>F2
tdŁÁ T¬dy:®Ä¬Ła!
N
tdŁ
®ÄV®mﬂ ° ¬<¬ª®ÄÁ
y
tdŁ
cxc−1
ﬂ®y
c := (xy)k−1
¤
p  3J0tty$:Ł'!\Áy¬ \®Äd tÁg®n"dy°1°t®y3:®
γi(N) = N
m°t
i ∈ {1, 2, 3} tdŁ
®Á
$:Áy!\Áy¬®y3:®
γ4(N) = N
¤ ´3 dg®Äd¬y °Ty:¼s°td tdµÁy< t­P!<tÁ·i®Äd tÁg®
"d­°k°t®y3:®
γi(y)
tdŁ
γi(cyc
−1)
Á 
Uk
¤¯¶¹
Γ
Á¿°Tª®Ätd¬Łi!®ÄRQ¯¬Ty°t ("
°t
Stk
¤
´3t! ﬂ|iÁ­d°ﬃﬂ ®Äd:®
B1 6∈ Γ(Stk) ¡!*tµ:°tdS'NkŁ "dy¬<tT °: B1  dŁd βˆ ¡
γ5 : x 7→ x, y 7→ xy ¤ d¬Gm°T $tG°T?­ ª:®Ä¬Łt k®Ä°T °T%"dÁ­ γ := wγ5w−1
"
w ∈ F2 $R°td\3tÁ γ(x−1yx−1y) = wy2w−1 ∈ Stk ¼4d ® x−1yx−1y 6∈ Stk ¤   dÁ
Γ(Stk) 6= À» 2(Z) ¤M, ®·¬°Tª®tdÁ Γ ﬂd
3:Á·dŁdN 3 ¤¯  dÁ·® Á  $ 3t®y° Γ ¤
G"dV3tÁ
H/Γ(2) ∼= P1\{0, 1,∞} :dŁ H/Γ ∼= P1\{0,∞},
ﬂd¬y
Γ
Á¿m­°T y°"+°TÁ­®y°Ti©1¤¢T¢t¤ 1 Á¹ ® m°T°lﬂÁﬂm°Tt
k ∈ N ﬂ®y k ≥ 2 ¼®Ä3c®
H/Γ(Gk) ∼= P1\{0, 1,∞} tdŁ H/Γ(Stk) ∼= P1\{0,∞}
Àkd!®yd\T dÁ°:
Gk
tŁ.®y3:®°:
Stk
Á
k
¼ ﬂ \d°ﬃﬂ 3J0tﬀ"3tg®Ä¬ d :I"d­°l0tŁ
 d¬°Ty¬ §k¤
     
 
	R . 
	
,®ÄdÁ3"®y ﬂ ·¬°TdÁg®Äy ¬®¦°Tyªt Á ﬂd°TÁ­ Q¯¬ Ty°t ("dÁ¯t­ °Tdty d¬d·Ty°t ("dÁ¤
p Áy°lﬂ  °T­ £J®Äd:®!: °tdTy d¬T­°T ("dÁ<°tUV0T¬
n
ﬂd°TÁ­<tTi
À»
2(Z/nZ)
Á Á­®Äd

dTy°t ("  ®yd\Áy¬dÁyi°t¹²³V3d ®Ä°t B¤ ¢\°k¬ d:Á1Q¯
T­°T ("dÁ¿°:*°tyTt<Á¤o, "3t­®y¬ d t4ﬂ U°#®:&ﬂ ®Ä!®ÄÁ|®y°k°T+t "d­d¬ﬁ"3t+tdŁ\°:®Äd¬
°t< °T\°tdTy d¬ T­°T ("dÁ¬¼3Áyd°ﬃﬂ
Àk¬¬®Ä°T B¤ N'"¬®yP!t¤
 | ®³=t¬®¼Bﬂ °#®Ät d °T­t¡ y°ﬃ01ŁŁaﬂ ®Ä °T­ £+ﬂ| $tÁyd°ﬃﬂB®Ä3c®
i
 °TÁg®cjV¬°TdT­ dd¬T­°T ("dÁ¹°k¬ d³tÁUQ¯¬T­°T ("dÁ¹°t°T­ªt Á¬¼3Áy¬R d¬°Ty¬©k¤n, 
ﬂ ¿y¬Á­®Ä­º®*®y°"°TTy d¬d|Ty°T '"dÁ°t("dy<¯V0T¬&¼ﬂ ¿t*0t"d­°ﬃ0T|®y3:®t°td®yd
t­
Q¯¬ T­°T ("dÁ°t °Tyªt Á¼6ﬂ®y "s°TÁyÁ­ﬁd! (0tRVNk¬ "®y°TdÁm°TÁy<t "dy<¬Á¼3Áy¬
 d¬°Ty¬ d¤
 db3tÁ­Łd\ÁU®Ä°°TÁyŁU®ÄdT­°T ("J°t K< ŁPL+°T °T%"dÁ­<Á"°tJ®yd ®yy0kt
n × n Â¹°T­ª:<** (n, n) "=Á­!´*T d­\¢*- $ ¤+, ®yÁ  :T À» 2(R) ÁU®Ä m d T­°T ("
À»
2(Z)
¤
* "=¼ $ ¡
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v
v

(0,0) (0,1) . . . (0,n−1)
(1,0)
(n−1,0)
¤
¤
¤
(n−1,n−1)@
345\E7)9  T¡1W']gﬃ [
n× n nV    FFwﬃ_V]qk7-_V ^678_
87n[ 5 7%^ 
 H!Ł*3d ®Ä°TJK d<ŁPL+°T °T%"dÁ­<Á¹yÁc"+¬¬®®Äd Áyº®°t¿¬ dÁ%"dÁ¬¤+p ﬂd°k°tÁy 
Áy ®dh"3tg®Ä ®Ä°t°t|®yd Á­¬® °t¿¬ dÁ%"dÁ¬¤ , ¿°Td y¬Á­®yyº®ÄÁ®Ä°
K d<ŁPL+°T °T%"dÁ­<Á
BT£
B      ﬀ   
  
®Äd:®Uy¬Á%"sº®U®ÄdÁ="3tg®Ä ®Ä°t¼+6¤ :¤+®y3:®"<" tM dÁc"®Ä°i ¬ dÁ%"J®ydÁyt<R :ÁyÁ¼
®Ä®Äd¬" :T JÀ»
2(R)
ﬂo+!¬°TdT­ dT­°T ("°t¦V0T¬
n
¤Rp )ﬂ,°tkÂ
ÁyŁd¹°ﬃ0T¬ydTÁ"°t¯,
(n, n)
®y3:®U:yRyt P3¬Ł°ﬃ0T¬"®Äd  dÁc"dÁUbﬂ¿J!®Ä3:®Ud®ÄÁ¹®Ä°
®Ä+"3:­®Ä ®Ä°T¤ dhQ¯¬ T­°T ("J°t¿Á­ d i°ﬃ0T¬y
°T­ª:<oﬂ+JT¬dyt¯
Áy 'dTy°t (" °tﬂ°T dV¬°TdT­ dd¬ T­°T ("¤hp hﬂddŁ \°tdÁ­®yy dº®Ä°t ®Äd:®$:ŁdÁ"®Ä°

°ﬃ0tydhﬂd°TÁyRQ¯¬T­°T ("iÁ¿®ydUm du°Tdty d¬dTy°t ("¤
p Ág®tg® !iŁd*3d®ÄV®m!6"s °:¬°TdT­ dd¬ ty°T ("Á¿®Ä3:® ﬂ V°#®:\®ÄdÁ ﬂ¿J!t¤
»¬®· dÁÁ­®y dŁ'!i¬°TdT­ dd¬ ty°T ("Á °t*0t
n
!\®Äd¬ 3:®y dÄ:t¬®y°Ti°T
(Z/nZ)2
¤

ﬀ 
E;*
?@5#
 7Vq
B := {b1, . . . , bk} V7IyF'Vq ]q Y</ku (Z/nZ)2 "   7 ⋃
i∈{1,...,k}
bi = (Z/nZ)
2, bi ∩ bj = ∅ ∀ i 6= j <B^ bi 6= ∅ ∀i ∈ {1, . . . , k}.
B
^67 4< 78_)<x7 ﬀ 5\]g[ﬁ7V< C87RE7V[q Y<><
(Z/nZ)2
:
x ∼B y :⇔ x, y ∈ bi uJyq]Dw7y_ &7 i ∈ {1, . . . , k}.
(b71^67 4< 7
qvDw7¹Ág®d

Ty°T '" ku
B
]<Àk»
2(Z/nZ)
E78_mF q]Dw7hC8VE78_mFw<B^]<6.C8< 
5 7V< C87n85ﬃFﬀkuR[ﬁ7Vg7V[
n
_
Γ¯B := {A¯ ∈ À» 2(Z/nZ)| A¯ · x ∼B x ∀ x ∈ (Z/nZ)2}
ΓB :=
qvDw7FB87V]bﬃ67Iku
Γ¯B
]<iÀk»
2(Z).
G-dÁy¬c0tV®y3:®
Γ¯B
Á¿RÁy (Ty°T '"°: Àk»
2(Z/nZ)
tdŁ!®Ä dÁ
ΓB
Á¿¬°TdT­ dd¬UTy°t ("
°t¦V0T¬
n
¤À1d¬m°T"$:
A¯
JÀ»
2(Z/nZ)
®Äd"s°T®
(0, 0)
Á"S\N¬Ł>"s°T®¼®³Á
"("y°#"d­ :®y"®Ä°°tdÁyŁd "3tg®Ä ®Ä°tdÁ
B
ﬂ®y
b1 = {(0, 0)} ¤
p Rﬂf"dy°ﬃ0Ti d¬°Ty¬ £®Ä3:®t
ΓB
°k¬ d­Á¹:Á Q¯¬
Ty°T '"°: ti°T­ª:<6¤
 d13­Á­®R"3:­®U°t¯®ydÁ¹3"®yUÁ³ŁdŁd$:®yŁ®Ä°!®yd1"d­°k°:±¡np Á­®Ät­®UMÀk¬¬®Ä°T"B¤ ¢
! 3dŁdJMÁy (dty°T ("
NB
°t
F2
3J0kdM'dd®y\dŁdNﬀﬂ®y
Γ(NB) = ΓB
¤ﬀp 
 dÁ­³®ÄdÁﬂ®y°Á­®Ä:®Ä"\½|°T­°Ttc!PBk¤ . °TdŁ®Ä°Tm°T|Á­ (dT­°T ("dÁ¿°:
F2
®Ä°R3J0TV)Q¯¬
T­°T ("®Äd:®Á°Tª®:d¬Ł
ΓB
¤ , Àk¬¬®Ä°TPB¤{§nﬂ|Á­d°ﬃﬂ®y3:® ®yd­ VNkÁg® 3d®y¿ŁdVN
Áy 'dTy°t ("dÁﬂm P3"®ÄdÁﬂ¬°TdŁd ®Ä°t¤  dÁ|®yd*!<ŁdV3d³°tyTt<Á ﬂd°TÁ­UQ¯¬\Ty°t ("
Á" Áy (Ty°T '"J°:
ΓB
¤´3t!T¼(XB¤{£k¼ ﬂ|¬°TdÁg®Äy ¬®+3®ÄRdŁdN Á­ (dT­°T ("
W
°t
F2
Áy d<®Ä3:®ﬂ®yÁ Q¯ Ty°T '"
Γ(W )
Á¯*$1 dt3®Ä°
ΓB
¤  dÁﬂ¬°Ty­Ác"+°TŁdÁ!  d°ty
¢U®Ä° t°Tyªt 
O
ﬂ®ÄSQ¯¬ty°T ("
Γ(O) = ΓB
¤
,®ÄdÁy¬°TŁ&"3tg®¯°tu®ydÁd"®Ä¬Mﬂ 0T¬Á­®yª:®yﬂd °TTy d¬d·T­°T ("dÁ ﬂ ¹t
°#®Ät ﬂ ®ÄM®ÄdÁ  ¬®yd°kŁu¤+, Àkº®Ä°tTB¤ .ﬂ  Áyd°ﬃﬂ !MTP01diVN\"d ®Ä! Á­ d®Äd
"3tg®Ä ®Ä°tdÁU®Ä3:® ®Äd+"dydP"3t¬°TdT­ dd¬\Ty°t ("dÁ:dŁ °t®yd °T  °T ¬°TdT­ dd¬
T­°T ("dÁ<tyt °TdM®Ä¤ ,Bk¤ © ﬂ| "+°tª®°T ® ®Ädy¬ :®y°Tﬀs¬®mﬂ ¬OÁ­®Äd

d
T­°T ("dÁ¹tdŁ°T%®Á%"dt¬Á¤ p   dÁ­®ydÁ B¤ Bi°TyŁ®Ä° 3tÄ:¬®Ä¬y

Vm°T
p
"y t¼
           Bª©
ﬂd Áy (dty°T ("Á°t¹À»
2(Z/pZ)
ty<Á­®Äd

dTy°t ("dÁ¤ ,ﬀ"dt­®y  t¬¼
p > 11
t*Á­ (dT­°T ("dÁ"dﬃ0t®ÄdÁ-"d­°#"+¬­®m!t¤U 1 ÁU$tM°tdTy d¬Ty°T '"°t¯V0T
p
ﬂ®y
p
"d­ tdŁ ty$c®ÄV®Ädt
11
ÁRQ¯¬ ty°T (" °t¿Á­°T  °tyTt<6¼Áy¬  d¬°Ty¬ d¤ ,
B¤ Sﬂ  Td¬Ät

®ydÁ­<­Á­ d®yÁ®y°
¬°TdT­ dd¬<ty°T ("Á °t|V0T
pe
¤b, 
p > 11
 ®VÁ
Á­®yd®Äy ¹m°T
n = pe
"
e ∈ N $ ®Äd:® t3°TTy d¬d³°tV0T¬ n °k¬ d|tÁHQ¯¬\T­°T ("dÁ¬¼
Áy¬Vy°#"s°TÁy ®Ä°T Bk¤ ª¨k¤´dt!T¼#ﬂ UTd¬Ät

¹®ÄÁ|Ág®:®y ª®  B¤ -tª:!:dŁ\Áyd°ﬃﬂ
®Äd:®³ ®·Á®Äy m°T¹tt%d ®Äytc!\d:®Ä dyt d1s
n
®Äd:®³Ád°t®¹ŁdP01Á­ﬁdy!
2
¼
3
¼
5
¼
7
°T
11
¼(Áy¬R d¬°Ty¬ ©k¤ 
°tyI"y¬Á­P!t¼($t
°Tdty d¬dty°T ("°t t%d ®Äytc!\°1ŁdŁ
V0T¬
n
Á¯RQ¯¬!T­°T ("°tuÁy°T °Tyªt &¼c+®ÄÁ¯ tt¿<À»
2(Z/nZ)
Łd°1Á¦d°t®¦3J0T
®ÄÁyt U°T%d ®Á%"3:V°T
(Z/nZ)2
tÁ ®ydUm dty°T ("
À»
2(Z/nZ)
¼3Áy d¬°Ty¬ ©k¤
  
	 
, ,  /   ,68S  (
 I    /1

 	 1 
ﬀ(4 3
ΓB
 
?2 ?@ 
 ;:
E?+ 5 /#
 7Vq
B := {b1, . . . , bk} V7  F'qs]q Y<Xku (Z/nZ)2 _V5 C8D qvD'q
b1 = {(0, 0)} bW Dw7VE7Rﬁ_)b_V5 m85ﬃF NB ku F2 D'gﬃ]<6b]< 4<w]qk7R]<B^67(' ﬁ ]qvD
Γ(NB) = ΓB.
 dVT­°T ("
NB
ﬂ sUª®Ä­°kŁ d¬Ł\i²³V3d®y°T Bk¤ d¤ 
"y°1°t°t¯­°#"s°TÁy ®Ä°t B¤{§
Áty­¬Ł<°T k®¯ »   B¤ k¼#ﬂd¬y ﬂ|·$t d:®Äﬂ®ÄdÁ­®Äd

 °:
NB


 k® +(F2)
¤
 | ® 3­Á­® ﬂ Ł
Áy°T Ud°t®Ä:®Ä°TdÁ¬¤

ﬀ 
E;*
?@T5# 6#
(b7RC%[][B<a7V[ﬁ7V&7V<wq
h
]<
F2
"d­ ®yP0T
"
 un]qﬁ_n< q =FBE8Fw7V Fwﬂﬁ7V
ku< q]Dw7V7V[ﬁ7V&7V<wq
"
  7  uHq]Dw7V87Hﬁ_< 
h′ ∈ F2 _V5wC8D)qvD'q h = h′k ﬁ ]q]D k ∈ N, k ≥ 2 
3 5\q]Dw7VV&E7
"
ﬁ7S^67V< qm7
µ(h)
uJS<   ]qsc>7V[ﬁ7V&7V<wq
h
qvDw7  ﬃ678_Vq=<Bq 5\c[
<w56V7V=_V5 C8D.q]D'q
h = h′µ(h)
uJ=_ﬃ&7
h′ ∈ F2 
  dÁ¼ª 
h
Á "3ty+°t ®t1sHﬂ­®y®yRtÁ
h = v[x, y]µ(h)v−1
°T
h = v[x, y]−µ(h)v−1
m°T Á­°T<
v ∈ F2 tdŁi®ÄdV d1s µ(h) ∈ N Á  ddﬁ$ dyﬂ ®Äi®ÄdÁ"dy°#"sg®m!T¤
p Łd*3Mm ­®Äy °T­®ÄdÁ­ (dÁ­¬®ÄÁ
C0
tdŁ
P0
tdŁO®ÄdÁ­ (dT­°T ("
N0
°t
F2
:Á
m°T°ﬃﬂÁ¡
C0 := {w[x, y]w−1 ∈ F2| w ∈ F2}
P0 := {v[x, y]kv−1 ∈ F2| v ∈ F2, k ∈ Z}
N0 := < C0 > = < P0 >
G-dÁy¬c0t!®Ä3:®
P0
Á®Äd Áy¬®°t·tM"3tys°T ¬¬<¬®yÁ°t
F2
¤
C0
Á®Äd!Á­¬®°:·t
"d­ ®Ä0T °Tyª®Ä¬Ł "3tÄ+°T ¬<¬ª®ÄÁVtdŁM¬°Ty­Á%"s°TdŁÁV®y°\®ÄdÁ­¬®°t¦ dÁc"dÁ°t
F2
°T
H
¤
N0
ÁU®Ä<µ:y|°:|®Ä 3:®y dÄ:M"y°?­¬¬®Ä°T
pZ2 : F2 → Z2 ¼,&¤ t¤ N0 ÁV®Ä
°t< k®:®y°T
[F2, F2]
°t
F2
¤>p  ﬂﬂŁd*dd\®Äd\T­°T ("
NB
tÁÁy 'dTy°t (".°t
N0
T¬dy:®Ä¬Ł !¬­®:iÁy (Áy¬®¹°t
P0
¤
B4B     ﬀ   
  
p <Łdª®Ä ]!®yd<¬ dÁ%"ÁR°t|*
(n, n)
ﬂ®yJ®yd ¬<¬ª®ÄÁV
(Z/nZ)2
tÁVŁd:®Ä¬Ł 
´T dy ¢*-¤ dh"3tg®Ä ®Ä°t
B = {b1, . . . , bk} Ł*3d¬ÁR "3tg®Ä ®Ä°t °t¦®Äd Á%"dÁ¬¤bp 
d°1°TÁy
k
ŁdLu¬y¬®d:®Ä dyt¿ d1s­Á
r1
¼¤¤¤¬¼
rk
Ty:®Ä¬®Ä3tP¢tdŁYtÁ­Áy°1:®Ä ®y°
$:
¬ ª®·\®ydUtÁyÁ
bj
®ÄdV d1s
rj
¼36¤ :¤ ﬂ|VŁdV3d <"
α¯ : (Z/nZ)2 → Z ﬂ ®Ä s 7→ rj :⇔ s ∈ bj.
´3 d­®yd­<°tyt¼\ﬂ|VŁd¬d°t®Ä
α := α¯ ◦ pn,n : F2 pn,n→ (Z/nZ)2 α¯→ Z tdŁ αw := α(w),
ﬂd¬y
pn,n : F2 → (Z/nZ)2 Á¿®ydV°Tb"s°TÁy ®Ä°t!°t pZ2 ﬂ®Äi®Äd:®Ä dyt "d­°?­º®Ä°T
Z2 → (Z/nZ)2 ¤
¾¹°:®Ä¬"®Ä3c®
α
Á d°t®·T­°T ("d°T °T<°t%"ddÁy   , ®·dŁd d¬Á·1ﬂ|¬ŁdV3dŁ
 "
lB : C0 → Z ! w[x, y]w−1 7→ α(w), "B¤ ¢ $
Áyd:¡
v[x, y]v−1 = w[x, y]w−1 ⇒ w−1v ∈ < [x, y] >
⇒ pn,n(v) = pn,n(w) ⇒ α(v) = α(w).
"Bk¤ § $
¾¹°:®Ät¼®Äd:®
lB
Áﬂ°t®ﬂ®yd³­Ág®Äy¬®y°T<°t
α
®Ä°
C0
  , ®|t s³ ddŁyÁg®Ä°1°kŁ!tÁ¿ sd
°t,®ÄdV¬ dÁ%"dÁ·
C0
¤
pP®y\®Äd¬Áyd°t®c®Ä°tdÁﬂ  ŁdV3dV®ÄdVT­°T ("
NB
tÁ m°T°ﬃﬂÁ¤

ﬀ 
E;*
?@5# C 
3o
α
_I Vg7y[ﬁ7Vq
Cα := {w[x, y]αww−1 ∈ F2|w ∈ F2} ⊆ P0
NB := Nα := < Cα > ⊆ N0
 dÁ³ŁdV3d®y°T
Á¹<°t®yP0::®yŁ
tÁ¹m°T°ﬃﬂÁ¡

Á³ÁytŁ+°ﬃ0T)ﬂ|Łdª®y]!
(Z/nZ)2
ﬂ®y
®Ä³ Á%"dÁ °t* ∗(n, n)
¤  d*! t­³Łd0kŁdŁ<ª®Ä°
k
tÁyÁ­Á ! ®ÄdU"3tg®Ä®y°T
B
¤½| dÁ%"dÁ
.®Ä
Áyt<tÁyÁ t­
sŁﬀ!.®ÄdÁÄ:< d1s¤G d "m°Tyª®Ä¬Ł$1"3tÄ+°T
 ª®ÄÁ
v[x, y]v−1

F2
Łd*3\°1°#"dÁ ty°T dŁ ®Äd¬Áy\¬ dÁ%"dÁ¬¤J´(°t t. dÁc"
s
ﬂ 
®:µtR®yd
l
Â ®y "s°lﬂ ­Á"°t¦t°1°#"dÁ·ty°t ddŁ
s
¼Bﬂd­
l
Á¹®ydRs°t®ÄÁ· dÁc"¤
NB
Á¿®ydVTy°t ("iTd¬Ä:®yŁ @! ®Äd¬Áy
"3tÄ+°T¹¬<¬ª®ÄÁ¤
»¬®
Hn,n
s®ydÃt°TÁRTy°T '"ÃVt
(H/
, ∗(n, n))
¼ﬂ&¤ t¤
Hn,n
Á®Ädµt¬yd¬¹°:³®Ä
"d­°?­º®Ä°t
pn,n : F2 → (Z/nZ)2 ¤ d Áy¬® Cα Á1"d­Á­c0tŁ ! ¬°T?­ dªc®Ä°t>ﬂ®y
 ª®ÄÁ,
Hn,n
¡ , 
h ∈ Hn,n ¼:®Ä pn,n(h) = (0, 0) ¤,  dÁ α(hw) = α¯(pn,n(hw)) =
α¯(pn,n(w)) = α(w)
tdŁ ﬂ|V3J0T:¡
hw[x, y]αww−1h−1 = hw[x, y]αhw(hw)−1 ∈ Cα.
           B 
¶¹¬d
NB
Ád°T­ :Áy (Ty°T '"
°t
Hn,n
¤
 dS"3:Äs°T¬<¬ª®ÄÁ
NB
tyÁy\:Á
l
Â ®Ä/"+°ﬃﬂ yÁ°t· "=<ﬃ!6s! d ®ÄP"d $U°k°"
t­°T ddŁ \ dÁc"¼ ﬂd¬y
l
Á"®yd s°t|®yd dÁc"¤  dÁVÁUÁ­®Ä:®Ä¬Ł ®Ädm°T°ﬃﬂd
¬<<¤
 
ﬀ K5 F#
 7Vq
h = w[x, y]kw−1
V7)
F'c V[ YCI7V[ﬁ7V&7V<wq4]<
F2

h
ﬁ_
]<
NB ⇐⇒ k ﬁ_
^]gﬃﬁ_V  [ﬁ7  αw
HEﬃku i ⇐ j"m°T°ﬃﬂÁ¿< Łd:®Ä¬P!m­°T ®ÄŁ*3d ®Ä°T\°t NB ¤
i ⇒ j¡¿½|°TdÁyŁd®ÄR ddyt P3¬Ł°ﬃ0tyd C\Z2 → E∗ ¤ , ®¹Łd*3ÁUt1sŁdŁd °t
pi1(C\Z2) ª®y° pi1(E∗) = F2 ¤ d<ÃVt°tÁ·Ty°T '" ÃVt (C\Z2/E∗) Á Z2 ¼®Äd ÃVt°TÁ
T­°T ("ÃVt
(H/(C\Z2)) Á®ÄR°t< k®:®y°T [F2, F2] = N0 ¤ 1 Á pi1(C\Z2) Á¹ŁdkÂ
®Ä3Ł 01
®ÄdÁR¬1+¬ŁdŁdd ﬂ®y
[F2, F2] = N0
¤ ¹Áyd®ydÁIﬂ \°#®ÄtJ®Ä3c®
N0
Á
T¬dy:®Ä¬Łx!®Äd°k°"dÁ³:y°T dŁ ®Äd¬ dÁ%"Á°:
C\Z2 ¼u6¤ :¤Vty°t ddŁ ®Ä1"+°tª®ÄÁ¹ ®Ä
 c®y®Ä
Z2
¤
p "d°1°TÁy"m°Tﬂ$ti¬ dÁ%"
i ∈ Z2 I'NkŁi°1°#" vi[x, y]v−1i
¤oﬂ °°1°#"dÁ
v[x, y]v−1
:dŁ
v′[x, y]v′−1
s°Td ®y° ®ÄÁÄt ¬ dÁ%"L
vv′−1 ∈ N0 ¤U  dÁ-\Nd vi m°T¹$tM Á%"
°tyy¬Á%"s°TdŁdÁ ®Ä° \Nd y*"dy¬Áyª®Ä:®Ä0T! $: °TÁ­¬®R<°1Łd d°
N0 = [F2, F2]
¤Sp 
<ﬃ! tÁyÁ­ d V®y3:®
pZ2(vi) = i
!\d°1°TÁ­d®Ä
dtÁy
"+°tª® °t
pi1(C\Z2) Á­ d®Äd!T¤
 d¬¼
N0 = pi1(C\Z2) Á¿m­!\T¬dy:®Ä¬Ł ! {vi[x, y]v−1i ∈ F2| i ∈ Z2}
¤
´3°T $:
j ∈ Z2 ﬂ  ¬°TdÁyŁd ®ydVTy°T '"°T<°t<°Tc"ddÁy
ϕj : N0 → (Z,+), w 7→ ]vj [x,y]v−1j (w),
®Äd:®°T ®yÁ·®ydV d1s°t*°k¬ d­yÁ·°t
vj[x, y]v
−1
j

w
¤
»¬®¯ dÁ¬°TdÁ­Łd¬¯tt%®Äytc!)"3tys°Tﬂ¬ ª®
v[x, y]kv−1
¤»¬®
i ∈ Z2 +¿®yd  Á%"
®Ä°ﬂd
v[x, y]v−1
+¬°TTÁ¼d6¤ :¤
i = pZ2(v)
tdŁ
vv−1i ∈ N0
¤¯ d­¬m°T­Rﬂ 3J0Tt¡
ϕj(v[x, y]
kv−1) = ϕj((vv
−1
i︸︷︷︸
∈N0
)(vi[x, y]
kv−1i ) (vv
−1
i )
−1︸ ︷︷ ︸
∈N0
)
= ϕj(vi[x, y]
kv−1i ) =
{
0,
 
i 6= j
k,
 
i = j
"Bk¤{£ $
p Rd°ﬃﬂByº®Ä d­ ®Ä° ®Äd Ty°T '"
NB
¤¹´3°T¹t T¬dy:®Ä°t
v[x, y]αvv−1
 dÁyd "B¤{£ $ﬂ 
°#®Ätu¡
ϕj(v[x, y]
αvv−1) =
{
0,
 
pZ2(v) 6= j
αv = αvj =: αj,

pZ2(v) = j
  dÁ¼3®ydV<tT
ϕj(NB)

Z
Á¿®ÄdVV!k¬UTy°T '"
< αj >
¤
¾¹°ﬃﬂV¼d¬®
h = w[x, y]kw−1
+³
NB
:dŁ
j := pZ2(w) ∈ Z2 ¤ d ϕj(h) (6.3)= k Á|
< αj >
¤  dÁ
k
Á ŁdP01Á­ﬁd=!
αj = αwj = αw
¤
B4-     ﬀ   
  
,<®yd³VN1®|  -ﬂ ³Łdº®Ä¬y d®Äd·Á­®Äd

°t
NB


 ® +(F2)
tdŁ+"dy°ﬃ0T·®Ä3c®
®yÁ Q¯¬T­°T ("
Γ(NB)
Á  $ 3t®Ä°
ΓB
¤
 | ®
3­Á­®Iﬂ  ŁÁy¬yP+<d°ﬃﬂ ®Äd+"3t­®y®y°T
B
°t
(Z/nZ)2
ŁdV3dÁ "3tg®Ä ®Ä°t
B˜
°t
®ÄÁ­¬®·°t* dÁc"dÁ
C0
¡ p V3J0T 3:®y dÄt "y°?­¬¬®Ä°T
C0 → (Z/nZ)2, w[x, y]w−1 7→ pn,n(w).
 dÁ·<"\Á ﬂ|¬ŁdV3dŁ !\®ÄdVÁÄ:<Vt­T d ª® ®Äd:®ﬂ| dÁ­Ł "B¤{§ $ ¤
p Ł*3d
B˜ := {b˜1, . . . , b˜k} @!
b˜i
Á¿®ydR"dy¬<tT"°t
bi
 ddŁd¬·®ydR"dy°?­¬¬®y°T
C0 → (Z/nZ)2.
 dÁ·Á  $ d0t:ª® ®y°
v[x, y]v−1
:dŁ
w[x, y]w−1
t­U\®ÄÁyt U :ÁyÁ ⇔ α(v) = α(w).
«$:ﬂ®y3:®

 ® +(F2)
t¬®yÁ°T
C0
¤xp  ﬂﬂ¬°TdÁ­Łd¬R®Äd\ty°T (" GB˜
°t¹t ®y°T °TgÂ
"ddÁy Á ®Ä3c®ﬂ­Ác"+¬¬®¦®Äd "3tg®Ä ®Ä°t
B˜
°t
C0
tdŁ Áyd°ﬃﬂO<»¬<< B¤ ³®y3:®¯®ÄdÁÁ®Ä
Á­®Äd

d Ty°t ("
°:
NB
¤¯´3 dg®Äd¬y °Ty-ﬂ Áyd°ﬃﬂI®y3:® ®ÄÁ <tT³
À»
2(Z)
Á
ΓB
¤

ﬀ 
E;*
?@5# 5#
 7Vq GB˜
V7RqvDw7y_V5 mE5lFﬀku

 ® +(F2)
^67 4< 7%^ _ uJ[][ﬁﬂﬁ_ :
GB˜ := {γ ∈

 ® +(F2)| ∀w ∈ F2 : γ(w[x, y]w−1) ﬁ_
]<aqvDw7y_ &71CV[_8_
_
w[x, y]w−1
]<
B˜}
= {γ ∈   ® +(F2)| ∀w ∈ F2 : γ(w[x, y]w−1) = v[x, y]v−1
ﬁ ]q]D _ﬃ&7
v ∈ F2 _V5wC8D.q]D'q αw = αv}
 
ﬀ K5 , 
W Dw7=_Vq   ][ r7VIku
NB
]<

 ® +(F2)
ﬁ_ GB˜

W Dw7 AB7878C8D+E5ﬃF
Γ(NB)
ﬁ_7 ﬀ 5([ qm
ΓB

HEﬃku¹«$:u®y3:®n!\Łd*dd®y°T
NB = Nα
¤ p R"d­°k¬Ł
\m°T d Ág®Ä*"dÁ¤4p UÁ­d°ﬃﬂV¡
¢T¤¹À1®Ä


+
(F2)
(Nα) =
À1®


+
(F2)
(Cα)
§k¤¹À1®Ä


+
(F2)
(Cα) = GB˜
¤
£¤
γ ∈ GB˜ ⇔ γ([x, y]) = v0[x, y]v−10
ﬂ ®ÄiÁy°T 
v0 ∈ Hn,n tdŁ
∀w ∈ F2 : α(γ(w)) = α(w).
d¤
βˆ(GB˜) = ΓB
¤
 
;*ﬀ%2  
 d ty°T ("
Nα
Á Td¬Ä:®yŁ.!
Cα
¼d®Ä dÁﬂ  3J0tt¡
À1®
 

+
(F2)
(Cα) ⊆ À®
  +(F2)(Nα).
           B4.
¾¹°ﬃﬂV¼º®
γ
s À1®Ä


+
(F2)
(Nα)
tdŁ
h ∈ Cα ¼6¤ :¤ h = w[x, y]αww−1 m°TUÁ­°T 
w

F2
¤ Àkd
γ
"d­Á­c0tÁ
"3ty+°t ª®ÄÁ"tdŁ®Äd¬¹°TyŁd¬
µ

F2
¼ ﬂ  dﬃ0t
γ(h) = v[x, y]αwv−1 ∈ Nα m°T¿Á­°T  v  F2 ¤  H!\»¬<<B¤{©®¿m°T°ﬃﬂÁﬂ®y3:® αv|αw ¤
½|°TdÁ­Łd¬
h′ := v[x, y]αvv−1 ∈ Cα ¤ﬂ  γ(h) Áb"s°ﬃﬂ|¬¹°: h′ ¤¯  dÁ h Áb"s°ﬃﬂ|¬
°t
γ−1(h′)
tdŁ
γ−1(h′) = w[x, y]αvw−1
ÁV
Nα
¤

ªt>! »   B¤{© ﬂ  dﬃ0t
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⇔ γ ∈ GB˜
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∀w ∈ F2 : γ(w[x, y]w−1) = γ(w)v0[x, y]v−10 γ(w)−1
"Bk¤  $
i ⇐ j¡
Àk ("'"+°TÁ­t¼
γ
m dP3Á|®ydV°TŁd®y°T\°T\®ydVyt®dtdŁiÁyŁdV°t*®ydV $ d0t:t¤¯ d¬
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µt¬yd¬°t
pn,n
¼d&¤ t¤
v0 ∈ Hn,n ¤
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v ∈ F2 ﬂ®y
γ(w[x, y]w−1) = v[x, y]v−1
tŁ
αv = αw
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(6.4)⇒ v[x, y]v−1 = γ(w)v0[x, y](γ(w)v0)−1 ⇒ pn,n(v) = pn,n(γ(w) · v0)
⇒ α(v) = α(γ(w) · v0) ⇒ α(γ(w)) v0∈Hn,n= α(γ(w) · v0) = α(v) = α(w)
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βˆ :

 k® +(F2) → À» 2(Z) Á ®Ädd:®Ä dytn"dy°?­¬¬®y°T¤ p 
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βˆn,n :
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2(Z) → À» 2(Z/nZ) ¤
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γ ∈ F2 :dŁ A¯ := βˆn,n(γ) ¡
∀w ∈ F2 : pn,n(γ(w)) = A¯ · pn,n(w) "B¤ ©!$
p °®t!®ÄdUm°T°ﬃﬂ3t°:  $ d0:t¬d¬Á¡
γ ∈ βˆ−1(ΓB) ⇔ A¯ ∈ Γ¯B
⇔ A¯w¯ Á i®ydVÁÄt VtÁyÁ °t B tÁ w¯ ∀w¯ ∈ (Z/nZ)2
⇔ α¯(A¯w¯) = α¯(w¯) ∀w¯ ∈ (Z/nZ)2
⇔ α¯(A¯pn,n(w)) = α¯(pn,n(w)) ∀w ∈ F2
(6.5)⇔ α¯(pn,n(γ(w))) = α¯(pn,n(w)) ∀w ∈ F2
⇔ α(γ(w)) = α(w) ∀w ∈ F2
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βˆ−1(ΓB) = {γ ∈   ® +(F2)|α(γ(w)) = α(w) m°Tt w ∈ F2}.
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GB˜ = {γ ∈ βˆ−1(ΓB)| γ([x, y]) = v0[x, y]v−10
ﬂ®yiÁy°T 
v0 ∈ Hn,n}.
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γ
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γ′([x, y]) = v′0[x, y]v
′−1
0
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γ := v′−10 · γ · v′0
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βˆ(GB˜) = ΓB
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U
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U ∩N0 = NB +W Dw7V<
À1®Ä
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(F2)
(U) ⊆ GB˜.
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ﬃ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Á·3tÄ:¬®Ä¬yÁ­®Ät¼36¤ :¤¿®yÁ·Ág®

¬ Á ®ÄdRﬂd°T ty°T ("

 k® +(F2)
¼
ﬂ  3J0tt¡
À1®Ä 

+
(F2)
(U) =
À® 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
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(F2)
(U) ∩ À1®    +
(F2)
(N0)
&%ﬁ ﬁ'
⊆ À®
  +
(F2)
(U ∩N0) = À1®Ä
   +(F2)(NB)
= GB˜.
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NB
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Pα = {v[x, y]kv−1 ∈ F2| k ∈ Z, v ∈ F2 :dŁ k Á ŁdP01Áyﬁ-! αv}.
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Γ(U) ⊆ ΓB.
HEﬃku¹»¬®
γ
+®Äd Á­®d

¬°t
U


 ® +(F2)
¤¹Àkd¬
γ
Ág®d

Á2"m°Tyª®Ä¬Ł$
"3tys°T ¬¬<¬®yÁ¼ ®RÁg®d

Á
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 7Vq
B := {b1, . . . , bk} V7 SF'Vq ]q Y< 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 7Vq
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pi1(X
∗) ∼= ÃVt (H/X∗) = U ⊆ Hn,n = ÃVt (H/ , ∗(n, n)) ∼= pi1( * ∗(n, n)).
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N
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q : X → , (n, n) ¡
2gX − 2 = N(2− 2) + S ﬂ ®Ä S :=
k∑
j=1
|bj| · N
rj
(rj − 1) m°T Áy°t< gX ∈ N.
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k = 2
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p
tdŁ
q
ﬂ ®Ä
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Á·T¬dy:®Ä¬Ł !
xn
¼
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ϕ : pi1(
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m°T
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´3 d­®yd­<°tyt¼\ﬂ|V3J0T°T­Ł
(ϕ(li)) = αi
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tdŁi®Ä dÁ3:Á·°tyŁd¬
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= . . . = N
α
n2
= N
r2
= p
¤¯¶¹¬d
ϕ(l1) = σ
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(n, n)
¼ ﬂd ﬂ \Łª®Ä ]! tÁI+ºm°Ty&ﬂ ®Ä
(Z/nZ)2
¤ Àk
f¯
Á
Łd d¬Ł !
f
¼3 ®y¬Á%"s¬®yÁ·®ydVÄ:<3$:®y°T\°tyŁd¬¼3&¤ t¤¯ ®"dy¬Áy¬c0T¬Á³®Ä
"dt­®y®Ä°T
B
°T
Z/nZ× Z/nZ ¤¦¶·d¬  ®·t¬®yÁ¹:Át
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{(0, 0)} ¤´3 dg®Äd¬y °Ty:¼'ﬂ|Áy°t<º®Ä ÁHﬂ+Łd°t®Ä Γ¯B :Áy°:Á Γ¯(B) ¤
VW??@##>R5#ﬂF ;*?K0(ﬀ%?@:ﬀﬂ 6  
3oy7%6C8D
n ∈ N " qvDw74FB]< CV F'[ C8<65 7V< C87E5ﬃF Γ(n) ﬃC8CV56E_-_SAB7878C8DIE5ﬃF>kuU<
 
HEﬃku¹²³V3dV®ÄdR"3tg®Ä ®Ä°t
B
°:
(Z/nZ)2
tÁ m°T°lﬂÁ¬¡
B := {{i} | i ∈ (Z/nZ)2},
&¤ t¤
B
°tdÁyÁ­®ÄÁ°t
n2
tÁyÁ­Á·$t°t®Ätd°T¬¬<¬®¤ d
Γ¯B = {A¯ ∈ À» 2(Z/nZ)| A¯ · x = x ∀x ∈ (Z/nZ)2} = { Ł }.
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n
¡
Γ1(n) := {A ∈ Àk» 2(Z)| A ≡
(
1 b
0 1
)
mod n, b ∈ Z}
Γ0(n) := {A ∈ Àk» 2(Z)| A ≡
(
a b
0 d
)
mod n, a, b, d ∈ Z}
Γ
(m)
1 (n) := {A ∈
Àk»
2(Z)| A ≡
(
1 b ·m
0 1
)
mod n, b ∈ Z} (m ∈ N,
gcd(m,n) 6= 1),
Γ
(m)
0 (n) := {A ∈
Àk»
2(Z)| A ≡
(
a b ·m
0 d
)
mod n, a, b, d ∈ Z} (m ∈ N,
gcd(m,n) 6= 1),
ΓS(n) := {A ∈ Àk» 2(Z)| A ≡
(
0 −1
1 0
)e
mod n, e ∈ {1, 2, 3, 4}}
Γ−I(n) := {A ∈ Àk» 2(Z)| A ≡
(−1 0
0 −1
)e
mod n, e ∈ {1, 2}}
Γd(n) := {A ∈ Àk» 2(Z)| A ≡
(
a 0
0 d
)
mod n, a, d ∈ Z}
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Γ1(n) " Γ0(n) " Γ
(m)
1 (n) " Γ
(m)
0 (n) " Γ
S(n) " Γ−I(n)
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n > 2
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Γ
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2(Z/nZ)
¤
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Γ¯
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¤
, ®Ä m°T°ﬃﬂd¼ ﬂ Á­®U"3tg®Ä ®Ä°tdÁ
B1
¼¤¬¤¤¼
B7
¼uÁ­ d®Ä3:®
Γ¯1(n)
¼
Γ¯0(n)
¼
Γ¯
(m)
1 (n)
¼
Γ¯
(m)
0 (n)
¼
Γ¯S(n)
¼
Γ¯−I(n)
¼
Γ¯d(n)
Á¿®ÄdVÁg®d

|°t
B1
¼¤¤¤¬¼
B7
¼3y¬Á%"sº®ÄP0t!T¤
B1 := {b1, b2, b3} ﬂ®y b1 := {(0, 0)} , b2 := {(1, 0)},
b3 := {i ∈ (Z/nZ)2| i /∈ b1 ∪ b2}
B2 := {b1, b2, b3} ﬂ®y b1 := {(0, 0)},
b2 := {(x, 0) ∈ (Z/nZ)2| x 6= 0},
b3 := {i ∈ (Z/nZ)2|i /∈ b1 ∪ b2}
B3 := {b1, b2, b3, b4} ﬂ®y b1 := {(0, 0)} , b2 := {(1, 0)},
b3 := {(x, 1) ∈ (Z/nZ)2|m Łd0kŁdÁ x  Z/nZ}
b4 := {i ∈ (Z/nZ)2|i /∈ b1 ∪ b2 ∪ b3}
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B4 := {b1, b2, b3, b4} ﬂ®y b1 := {(0, 0)} , b2 := {(x, 0) ∈ (Z/nZ)2| x 6= 0},
b3 := {(x, y) ∈ (Z/nZ)2| y 6= 0, m|x }
b4 := {i ∈ (Z/nZ)2|i /∈ b1 ∪ b2 ∪ b3}
B5 := {b1, b2, b3} ﬂ®Ä b1 := {(0, 0)}
b2 := {(1, 0) , (0, 1) , (−1, 0) , (0,−1)},
b3 := {i ∈ (Z/nZ)2|i /∈ b1 ∪ b2}
B6 := {b1, b2, b3, b4} ﬂ®y b1 := {(0, 0)},
b2 := {(1, 0) , (−1, 0)} , b3 := {(0, 1) , (0,−1)},
b4 := {i ∈ (Z/nZ)2|i /∈ b1 ∪ b2 ∪ b3}
B7 := {b1, b2, b3, b4} ﬂ®y b1 := {(0, 0)} ,
b2 := {(w, 0) ∈ (Z/nZ)2|w Á 0T¬­®ÄPdU Z/nZ},
b3 := {(0, w) ∈ (Z/nZ)2|w Á 0T¬­®ÄPdU Z/nZ},
b4 := {i ∈ (Z/nZ)2|i /∈ b1 ∪ b2 ∪ b3}
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Γ¯S(n) = Γ¯B5
tŁ
Γ¯d(n) = Γ¯B7
¤
Γ¯S(n) = Γ¯B5
¡
Γ¯S(n)
3tÁ m°T d ¬ ª®yÁ¼3Áyd
n > 2
¡
Γ¯S(n) = {
(
0 −1
1 0
)
,
(−1 0
0 −1
)
,
(
0 1
−1 0
)
,
(
1 0
0 1
)
}
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b1
¼
b2
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b3
°t
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Γ¯S(n) ⊆ Γ¯B5
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A¯ =
(
a b
c d
)
⇒
(
a
c
)
= A¯ ·
(
1
0
)
∈ b2,
(
b
d
)
= A¯ ·
(
0
1
)
∈ b2.
¶¹¬d
(a, c)
:dŁ
(b, d)
:y {(1, 0), (0, 1), (−1, 0), (0,−1)} ¤Àk®yd¯Łd¬®yy dtª®
°t
A¯
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1
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A¯ =
(
0 −1
1 0
)
, A¯ =
(−1 0
0 −1
)
, A¯ =
(
0 1
−1 0
)
, A¯ =
(
1 0
0 1
)
.
Γ¯d(n) = Γ¯B7
¡
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Γ¯d(n)
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b1
¼
b2
¼
b3
tdŁ
b4
°:
B7
¤
¾¹°ﬃﬂV¼3 
A¯ =
(
a b
c d
)
∈ Γ¯d(n) ¼d® "yÁ­d0TÁ B7 :dŁ.ﬂ V3J0T:¡(
a
c
)
= A¯ ·
(
1
0
)
∈ b2,
(
b
d
)
= A¯ ·
(
0
1
)
∈ b3.
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b = c = 0
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Γ¯d(n)
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n = 2
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2(Z/nZ)
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n = 2
!
À»
2(Z/2Z) = { A¯1 :=
(
1 0
0 1
)
, A¯2 :=
(
1 1
0 1
)
, A¯3 :=
(
1 0
1 1
)
,
A¯4 :=
(
0 1
1 0
)
, A¯5 :=
(
1 1
1 0
)
, A¯6 :=
(
0 1
1 1
)
}
°t®ÄtÁ
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 ª®ÄÁ tdŁ ÁVÁ­°T °T%"d®Ä°
S3
¤ , ® 3tÁÁyNJÁ­ (dT­°T ("dÁ¬¼ 3t ! ®Ä
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3
tdŁ
S3
 ®ÄÁy¬±¡
Γ¯1 := { Ł } °T­ŁdU¢
Γ¯2 := <
(
1 1
0 1
)
> , Γ¯3 := <
(
1 0
1 1
)
> , Γ¯4 := <
(
0 1
1 0
)
>
°T­Łd·§
Γ¯5 := {
(
1 1
1 0
)
,
(
0 1
1 1
)
,
(
1 0
0 1
)
} °T­Łd£
Γ¯6 :=
Àk»
2(Z/2Z) ∼= S3 °TyŁ B
 d¿Á­ (dT­°T ("dÁ*°t(°T­Łd§k¼T3:<¬P!
Γ¯2
¼
Γ¯3
:dŁ
Γ¯4
¼ªt­ﬂ¬°T?­ dT:®Ä¬Ł¡
Γ¯3 = A¯4 ·Γ¯2 ·A¯−14
tdŁ
Γ¯4 = A¯3 · Γ¯2 · A¯−13
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(Z/2Z)2
¡
B1 := {b1, b2, b3, b4} ﬂ ®Ä b1 := {(0, 0)}, b2 := {(0, 1)},
b3 := {(1, 0)}, b4 := {(1, 1)}
B2 := {b1, b2, b3} ﬂ ®Ä b1 := {(0, 0)}, b2 := {(1, 0)}, b3 := {(0, 1) , (1, 1)}
B3 := {b1, b2, b3} ﬂ ®Ä b1 := {(0, 0)}, b2 := {(0, 1)}, b3 := {(1, 0) , (1, 1)}
B4 := {b1, b2, b3} ﬂ ®Ä b1 := {(0, 0)}, b2 := {(1, 1)}, b3 := {(0, 1) , (1, 0)}
B6 := {b1, b2} ﬂ ®Ä b1 := {(0, 0)}, b2 := (Z/2Z)2\{(0, 0)}
 d¬xﬂ 3J0Tm°T"$:
i ∈ {1, 2, 3, 4, 6} ®Ä3c® Γ¯i = Γ¯Bi
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Γi
Á Q¯¬T­°T ("i°t*Áy°T U°Tyªt &¤
´3°T
Γ3
tdŁ
Γ4
®ÄÁ³m°T°ﬃﬂÁ=! «·¬ t­µ ¢t¤ B\tÁy° m­°T ®Äd=tº®"®Äd:®
Γ2
Á" Q¯¬
T­°T ("¼TÁ­d¬
Γ3
tdŁ
Γ4
t­¿°Tl?­ dª:®yŁ®Ä°
Γ2
¤  d¿°Tcd®yÁ
B3
:dŁ
B4
t­|®Äd|<tTÁ
°t
B2
 ddŁd¬®ydV c®Äy¬Á
A¯4
tdŁ
A¯3
¤
 
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B1
¼
B2
¼
B3
¼
B4
tdŁ
B6
ﬂ  3J0T!t "3:­®Ä ®Ä°TdÁV°t
(Z/2Z)2
¼oﬂd°TÁyb3yÁg®
tÁyÁ
b1
Á {(0, 0)} ¤ Γ¯5 Á °t®·Á­®d  ¬|°t*°TdV°t,®Ä¤¦ Á"d­°l0tÁ®ÄdV¬ t
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Γ¯5
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(Z/2Z)2
ŁdV3d¬Ł>!®Ä
Áyº®·°t ®ÄÁ °Tcd®yÁ¼dÁ
BΓ¯5 := {b1, b2}
ﬂ®Ä
b1 := {(0, 0)}, b2 := {(1, 0), (0, 1), (1, 1)},
&¤ t¤
BΓ¯5 = B6
tdŁ
Γ¯5
3:Á®ydVÁÄt U°Tcd®Ác"3ttÁ
Γ¯6
¤4,i®ÄdVdNk®·Á­¬®y°T ﬂ Rﬂ
Áy¬t¼3®Äd:® ®ÄdV¬ t tytŁ'! m°t°ﬃﬂÁ|m­°T ®ydU=t¬® ®y3:®
Γ¯5 6= Γ¯B6
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G-dÁ­d0T ®y3:®
Γ1 = Γ(2) = Γ
−I(2) = Γd(2)
¼
Γ2 = Γ1(2) = Γ0(2)
tdŁ
Γ4 = Γ
S(2)
¤¯´3 d­®yd­<°T­t¼
Γ
(m)
1 (2)
tdŁ
Γ
(m)
0 (2)
:yU $ 3:u®Ä°
Γ0(2) = Γ1(2)
°T
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n = 2
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2(Z/nZ)
"=d¬yﬂ ®Ä
n = 2
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2(Z)
®Ä°SsR®Ädd:®Ä dyt dI+¬
n
Áy d
®Äd:®
A
Á °t?­ dª:®yŁi®Ä° (
1 n
0 1
)
°T
(
1 −n
0 1
)
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2(Z)
®Ä° +®Äd tÁ­®¬°T< °TM d ®ÄP"d°tﬂ®Äd<tb"d ®Ä dŁÁU°t
®Ä ¬ dÁ%"dÁ¬¤¹   d¬°Ty¬ §  p °PB  ,Ág®:®yÁ¹®y3:®·
Γ
Á¹ ¬°TdT­ dT­°T ("°t
T¬dytV0T
m
®Äd¬
Γ(m)
Á °t®ÄtŁi
Γ
¤
ÀkdV®ÄdRtb"d ®Ä dŁd¬Á °t ®yd®ydy¬R¬ dÁ%"dÁ³°t
Γ(L(2, 3))
ty £¼+§<:dŁ d¼3®ydRT¬dyt
V0T¬
m
Á 
(3, 2, 4) = 12
¤
Àk ("'"+°TÁ­®Ä3:®
Γ(L(2, 3))
ÁV\°Tdty d¬dÁy 'dTy°t ("¤  H!ap °Td =tdg®  Á"®Äd¬°Ty¬ ﬂ|
ﬂ °T dŁi3J0tt¡
Γ(12) ⊆ Γ(L(2, 3)). " k¤ ¢8¨ $
»¬®
p :
¦À»
2(Z) → ¦À» 2(Z/3Z) +U®Äd:®Ä dyt "d­°?­º®Ä°T¤ d¬ ﬂ dﬃ0t
p(Γ¯(L(2, 3))) =<
(
1¯ 0¯
2¯ 1¯
)
,
(
0¯ 1¯
2¯ 0¯
)
>=
¦À»
2(Z/3Z).
¶¹¬d ²³tTÄ: §k¢VÁ·¬°T  ®c®ÄP0t=ﬂ®y
N := Γ¯(L(2, 3)) ∩ Γ¯(3) ¤
1 // Γ¯(3) //
¦À»
2(Z) //
¦À»
2(Z/3Z) // 1
1 // N //
?
OO
Γ¯(L(2, 3)) //
?
OO
¦À»
2(Z/3Z) // 1
R ﬃc §k¢
Àkd ®yd!dŁdVN
[
¦À»
2(Z) : Γ¯(L(2, 3))]
°t
Γ¯(L(2, 3))
 ﬂÀk»
2(Z)
Á
9
¼®m°T°ﬃﬂÁ
my°t ²³tTÄ: §k¢U®Äd:®
[Γ¯(3) : N ] = 9
¤
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Γ¯(12) ⊆ N ⊆ Γ¯(3) ¤  | k® [Γ¯(3) : Γ¯(12)] = 24 · 3 "= dÁ­d Àk k¢ 6¼
"g¢t¤ B¤{§ $ $º¤  dÁ
[Γ¯(3) : N ] = 9
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¶¹ '+¬­®U:dŁ »V0k­ dﬃ0tRT¬dyt

¬Ł
®ÄÁy¬Áy d ®³m°T ®ÄR°T­ªt Á
L(n,m)
ﬂd¬y
(n,m) 6= (2, 2) tÁŁd*ddŁ
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D = (p : X∗ → E∗) sV®ydV°Tyªt +°:Łd¬Ty¬ 5 tP0T¬i´t dy§T§1¼'ﬂ®y
σh = (123), σv = (145)(23)
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X∗
Á
2
tŁ
 ®3tÁ¿®Ä
3
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F2
Á
H = < x3 , y3 , xyx−2 , x2yx−1 , yxy−1 , y2xy−2 >
 dyQ¯¬T­°T ("
Γ(H)
dtÁdŁdN
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A0 :=
(−1 0
0 −1
)
= −I, A1 :=
(
1 3
0 1
)
= T 3,
A2 :=
(
1 0
−6 1
)
= ST 6S−1, A3 :=
(−7 16
−4 9
)
= (T 2S)T 4(T 2S)−1.
A4 :=
(−3 4
−4 5
)
= (TS)T 4(TS)−1, A5 :=
( −9 5
−20 11
)
= (TST 2S)T 5(TST 2S)−1,
A6 :=
(
7 2
−18 −5
)
= (ST 3S)T 2(ST 3S)−1,
ﬂ®y
S =
(
0 −1
1 0
)
, T =
(
1 1
0 1
)
.
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I , T , S , T 2 , TS , ST , T 2S , TST , ST 2 , STS , T 2ST , TST 2 ,
ST 5 , ST 3 , T 2S , TST 3 , TST 2S , ST 4 , ST 3S , TST 2ST−1 ,
TST 2ST−2 , TST 2ST−3 ; TST 2ST−4 , ST 3ST
 d°tyy¬Á%"s°TdŁddV°Tyªt k¬ dc0t
C(D)
3tÁ¯T¬ dÁ
0
:dŁ
6
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C1
¼
C2
¼
C3
¼
C4
¼
C5
:dŁ
C6
°tstb"d®Ä Łd|£k¼ B¼ d¼ d¼{©
tdŁ§k¤¯¶·d¬t¼3®ÄdVT¬dytV0T¬°t
Γ(D)
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¤
I
T
TT TTS
TTST
TS
S
ST
TST
TTSTT
TST
STT
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ST S
TSTT
STTSTT
STTSTT
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STS f
e
g
h
j
g
c
a
b
c
d
e
f
j
k
l
l
k
i
b
a
TSTTS
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−3
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h
l
l
3ST ST
3
3
3
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C
C
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Γ := Γ(D)
Á °TTy d¬dVT­°T ("¤¦À1d¬"®ÄdUT¬dyt*0T¬°t
Γ
Á
60
¼'ﬂ V3J0T tªtS!i d°T­ §  p ° B &¼d®y3:®
Γ(60)
Á Á­ (dT­°T ("°t
Γ
¤
p Rﬂ+ dÁyV®ÄdUm°T°ﬃﬂRŁ3:®Ä¡
A1 =
(
1 3
0 1
)
∈ Γ, A6 =
(
7 2
−18 −5
)
∈ Γ tdŁ T =
(
1 1
0 1
)
/∈ Γ
tdŁ 3dŁ
ti ª®
Γ
ﬂ°TÁyR"d­°?­º®Ä°t®y° Àk»
2(Z/60Z)
Á  $ 3:®Ä°®Ä3:®°:
T
¤
«$:u®y3:®
À»
2(Z/60Z) ∼= À» 2(Z/4Z)× À» 2(Z/3Z)× À» 2(Z/5Z).
p Łdª®y]!<!®ÄVm°t°ﬃﬂd ®ydÁ­®mﬂ °<ty°T ("Á¤¯´3 d­®yd­<°ty-ﬂ Łd°t®yR@!
p4
¼
p3
¼
p5
tdŁ
p60
®ydn"dy°?­¬¬®y°Tmy°t À»
2(Z)
®Ä°RÀ»
2(Z/4Z)
¼kÀ»
2(Z/3Z)
¼kÀ»
2(Z/5Z)
tdŁ
À»
2(Z/60Z)
¤ d
p60 = p4 × p3 × p5 ¤
p dﬃ0t
p60(A1) = (
(
1 3
0 1
)
,
(
1 0
0 1
)
,
(
1 3
0 1
)
)
tdŁ
p60(A6) = (
(
3 2
2 3
)
,
(
1 2
0 1
)
,
(
2 2
2 0
)
)
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p4(A1)
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2(Z/4Z)
Á
4
¼®yd!°T­Łd°t
p3(A1)
 À»
2(Z/3Z)
Á
1
tdŁi®Ä°tyŁd¬·°:
p5(A1)
Àk»
2(Z/5Z)
Á
5
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p60(A1)
ﬁ_
(4, 1, 5)
¦Àk
7 ≡ 3 mod 4 tdŁ 7 ≡ 2 mod 5 ﬂ  3J0t
p60(A1)
7 = (
(
1 1
0 1
)
,
(
1 0
0 1
)
,
(
1 1
0 1
)
)
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p60(A6)
2 = (
(
1 0
0 1
)
,
(
1 1
0 1
)
,
(
3 4
4 4
)
)
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p60(A6)
D'_
qvDw71c^67V
(1, 3, 5)
¤   dÁ
p60(A6)
20 = (
(
1 0
0 1
)
,
(
1 1
0 1
)
,
(
1 0
0 1
)
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p60(A
20
6 · A71) = (
(
1 1
0 1
)
,
(
1 1
0 1
)
,
(
1 1
0 1
)
) = p60(
(
1 1
0 1
)
) = p60(T )
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T /∈ Γ ¼®Ä dÁ Γ(60) = ker(p60) tdd°t®)s<¬°Tª®tdŁ  Γ ¤
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L(2, 3)
tdŁ
D
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®mﬂ °\\3d®y
Áy*$ dd¬Á
Dn
tdŁ
Ln
°t¦°T­ª:<Á·Á­ dM®Ä3:®³®Äd1Q¯¬JTy°T '"dÁ
Γ(Ln)
tdŁ
Γ(Dn)
t­ °Tª®:d¬Ł 
Γ(L(2, 3))
¼ªy¬Á%"sº®ÄP0t!
Γ(D)
¤ p · Áy ®Äd dyÁ­®¦Á­ $ d¹®y°R"dy°ﬃ0T
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L(2, 3)
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(p : X∗ → E∗) sV®ydV°Tyªt  L(2, 3) tÁ
Àkº®Ä°T k¤{£k¤¢T¤
Hid Hx Hx2
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U
°t
F2
Á
U = < g1 := x
3, g2 := y
2, g3 := xyx
−1, g4 := x2yx−2, g5 := yxy−1 > .
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